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Since fiavor neutrino masses can be expressed in terms of Mee,efi,eT, mutual 

dependence among is derived by imposing some constraints on Mee,e^,er • For 

appropriately imposed constraints on Mee,efi,eT giving rise to both maximal CP violation 
and the maximal atmospheric neutrino mixing, we show various specific textures of 
neutrino mass matrices including the texture with Mrr = 27*^ derived as the simplest 
solution to the constraint of Mtt — M^^=imaginary, which is required by the constraint 
of Me^ cos 023 — MeT sin 023=real for cos 2^23 = 0. It is found that Majorana CP violation 
depends on the phase of Mee- 

Keywords: CP violation; atmospheric neutrino mixing; fiavor neutrino masses. 

PACS numbers:14.60.Pq 


1. Introduction 

The observed data of the neutrino oscillationJilt^ have been accumulated to suggest 
the allowed range of the CP-violating Dirac phase 6cp near Sir/2 inducing the 
maximal CP violation and that of the atmospheric neutrino mixing angle 023 near 
45° indicating the maximal atmospheric neutrino mixingThese maximal effects 
arouse theoretical interest that both the Dirac CP-violation and the atmospheric 
neutrino mixing are necessarily maximal because of a certain constraints imposed 
on flavor neutrino masses. 

It has been discussed that these two maximal effects are correlated.l2^Ell De¬ 
noting the CP-violating Dirac phase by Scp, the reactor neutrino mixing angle by 
013 and flavor neutrino masses by Mij for i, j=e.fj,,T, we can derive the following 
relationP^lt^ 

Mrr ^ 2023 = tan 013 (Me^ cos 023 “ M^r sin 023) , 

( 1 ) 

provided that the Pentecorvo-Maki-Nakagawa-Sakata mixing matrix Upnm^^^^ 
takes the standard parameterization defined by the Particle Data Group (PDCj^^ 


1 
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to be Updg = 

( C 12 C 13 S 12 C 13 si 3 e“*'^^^ \ 

— S12C23 — Ci 2 S 23 Sl 3 e*'^'^^ C12C23 — Sl 2 S 23 Sl 3 e*'^‘^^ S23C13 1 ; 

S12S23 — Ci 2 C 23 Sl 3 e*'*‘^^ —C12S23 — Si 2 C 23 Sl 3 e*'*‘^^ C23C13 / 

/e*'^i/2 0 0 \ 

^ Q gi02/2 0 , (2) 

Vo 0 

for Cij = cosOij and Sij = sin 9ij (i,j=l,2,3), where 9i2 is the solar neutrino mixing 
angle and ^!>i, 2,3 stand for the Majorana phases, from which two independent com¬ 
binations become the CP-violating Majorana phasesPi^t^ It is obvious that, from 
Eq. ([T|) , the maximal atmospheric mixing giving cos 2023 = 0 induces the maximal 
CP violation giving cos Scp = 0 if 


Mrr - = imaginary, cos 023 - sin 023 


Mefj. - aMer \ _ , 

I — r0cLl. 

V2 J 


( 3 ) 

where tr = ±1 takes care of the sign of sin 023- The reactor neutrino mixing angle 
must satisfy sin0i3 ^ 0. It is obvious that the simplest solution to satisfy in Eq.Q 
is that 


Mrr = M;^, Mer = -aM:^, (4) 

which reproduce the following known flavor neutrino mass matrix consisting of 

Mij\ 


Mee 

Men 

-oM*e^\ 


Me^ 

Mnn 

Mnr ■ 

( 5 ) 


Mnr 

) 



In this article, we would like to discuss the variation of Eq.® that gives the 
maximal CP violation and the maximal atmospheric neutrino mixing in the system¬ 
atic way. In Sec® we derive expressed in terms of Mee,efj.,eT, which are 

used in Sec®to find how are correlated to each other for cos 2023 = 0 and 

cos 6cp = 0. To see the usefulness of our method, we show three new textures other 
than Eq.®. In the [Appendix A[ redundant phases allowed in Upmns are used 
to transform of Eq.® into a more general form of Mi, so that the associated 
is described by three real numbers ni, 2,3 and three complex numbers 
wi, 2 , 3 !^^^^In Sec® we discuss how these results are affected if My is not compat¬ 
ible with the PDG convention. The final section Sec® is devoted to summary and 
discussions. 


2. Neutrino Mixings and Flavor Neutrino Masses 

To discuss the situation of the maximal CP violation, we utilize two more relations 
satisfied by M^- in addition to Eq. O.Esmzi 

The relations determine the remaining 
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two mixing angles, 612 and 6 * 13 . After little calculus, we obtain that 
(Ai — A 2 ) sin 2012 + 2 (C23-Me^ — S23-MeT) - = 0, 

Cl3 

- A 3 e*^^^) sin 2013 + 2 {s23Mef, + C23Mer) COS 2013 = 0, 
where Ai^ 2.3 are defined by 

^13-^^-^ee *13^ -^3 


( 6 ) 

(7) 


Ai — 




cos 2^13 


A 2 = + sl^Mrr - Mf,r sin2023, 

A 3 = S 23 -M^^ + sin 2023- 

From these three relations, defining that 

A1+ = S23Me^ + C23MeT, Af_ = C23Men — S23MeT, 

we can derive that 

1 


( 8 ) 

(9) 


= 


Ci 3 tan 2012 sin 2023 


M_ + 


p-iScP I 

I -ti3e*^^^ 

tan 2013 2 


1 


- 2 iScP 


2 

1 


■Mee-M® cos 2023, 
, ti3e 


:, — iScP 


Ci 3 tan 2012 sin 2023 


M_ + 


p-iicp \ 
—7^ - 

tan 2013 2 






1 


- 2 iScP 


■Mee + M^ COS 2023, 


M^r = M(°)sin 20 ^ 




23 5 


( 10 ) 


and 


= - 


1 


hse 


-iScF 


Ci 3 tan 2012 tan 2023 

1 _ p — 2 iScp 


M_ + 


a-iScF 


1 


—^ M+ 

tan 26^13 2 


( 11 ) 


where ty = tan0y (i,j = 1,2,3). In other words, the derived flavor masses of 
Eg. (ITU)) are the solutions to Eqs.(IT|), dH]) and ([7]). The relation of 


M+ oc sin 013, 

holds in the limit of sin 0 i 3 —>■ 0 as can be seen from Eq. ©• 
The neutrino masses mi^ 2,3 are calculated to be: 


( 12 ) 


mie 

m 2 e 

77 x 36 


^ -hlM_ - ti3^^‘^^M+ + Alee, 
Cl3 

= -^M- - ti3e^^^^M+ + Mee, 
Cl3tl2 

-i<P3 ^ J_e-*-5cP^^ 6 - 2 *'^'^^ Mee. 

tl3 


(13) 
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The advantage of our method lies in the fact that the neutrino masses simply depend 
on the flavor masses of Mee,ey,eT- It should be noted that somehow “natural” choice 
of M± and Mee is to take 

M-,Mee = real, arg(M+) = -Scp, (14) 

which induce 

^^>1,2 =0, 4>3 = ‘^^cp- (15) 

As a result, the Majorana CP violation is characterized by the phase 2Scp^ If 
textures belong to this type, no Majorana CP violation is induced for the maximal 
CP violation. 


3. Maximal CP Violation and M 2 Lximal Atmospheric Neutrino 
Mixing 

Using = Ki {k = ±1) for the maximal CP violation and cos 2023 = 0 for the 
maximal atmospheric neutrino mixing, the main constraint Eq. o turns out to be 
the simplest one: 

Mrr - = -2Ki tan 013 (M^^ - aMer)/V^. 

The flavor neutrino masses of are given by 


(16) 


= 


= 


1 


Ci3 tan 2012 

1 

Ci3 tan 2012 

1 


+ inatizj M- — in 
— inati^ I M_ — iK 


+ Ihs ) M+, 


uMut = — 

Ci3 tan 2012 


M_ — IK 




where M± for the maximal atmospheric neutrino mixing are given by 

Mefj. - crMfir 


(T T Afg 

M+ = ■ ^ 


Ar_ = 


^2 ’ ■ V 2 ' 

We define two real parameters, x and y, and one complex parameter, z, to be: 


11 _ 1 1 _ 1 
tan 2013 2 ^ tan 20 i 3 2 Ci3tan20i2 


(17) 

(18) 

+ iKati3, (19) 


leading to 


= zM- — inxM^, 

Mtt = Z*M- — ikxMj^ 

=-^—M_ - iKyM+ - Mee- (20) 

It can be found that the texture of Eq.(l5]) is one of the specific textures, where 
Af_|_ and Af_ are appropriately constrained to be Al+=imaginary and Af_ =real. 
One may choose any types of constraints on Af^- in place of this constraint to find 
favorite textures. Some of the examples including Eq.([5|) are shown as follows: 
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(1) For M_=real(=i?o being a real number), 


/ 


M, = 




Ro+crM+ 

V 2 


zRo - iKxM+ 

— a{Ro—(7M+) 


—(T{RQ — aM+) 

72 


M, 


^IT 


( 21 ) 


V 2 


M,, 


z*Rq — inxM^ ^ 


is obtained and mi, 2,3 are given by 

tl2 


= ——Ro - iKti3M+ + Me, 


m 2 e 


-102 _ 


Cl 3 
1 

Cl3^1 


-i?0 - intisM^ + Mee, 


mse + Mee'^ , 


( 22 ) 


where, if M_|_=imaginary is further imposed, we reach Eq.([5]) with Mgr = 
-aM*^ and Mrr = 

(2) For M_=imaginary(=i/o with Iq being a real number). 


= 


/ 


V’ 


Me, 

2(/o —2crM+ 


i{lQ —2crM+) 

72 


icT(/o+2(7M-j_ ) 


V 2 


i{zh-nxM+) 


M, 


flT 


i(7{lQ-\-i(TM ^) 

72 


M, 


(23) 


is obtained and mi, 2,3 are given by 


= -i 


77126 = i 


12 


Cl 3 


i {z*Io - kxM+) 


Iq + KtisM^ I + Mee, 


— Iq — nti^Mj^ + Mee, 
(i^M++Mee) , 


(24) 


where, if M_|_=real is further imposed, we observe that Mer = and Mtt = 


—M*,, are satisfied in M,j-. 

MM 


Mee Me^ (jM*^ 

M„ = I Met, 

,aM*e^ Mt,r 


(25) 


(3) For M+ = 0, 



/ 

Mee 

Met, 

-aMe,, \ 

= 


Met, 

V^zMet, 

- {^Met, + Mee) 


1 

-aMet, - 

if^Met, + Mee) 

V2z*Met, y 


(26) 
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is obtained and toi^ 2,3 are given by 


= -V2ti2^ + Mee, 

Cl3 

77126 -*^= = V2-YY^+M,e, 

tl2 Ci3 

= -Mee, (27) 


where the mass hierarchy will be the degenerated one realized by | M^e \ ^ | |; 

(4) For M- = 0, Ea. dT^ leads to mi = m 2 , which is not allowed; 

(5) For aM^r = giving M_ = 7 fi;tan 20 i 2 {c\^ — 25 ^ 3 ) M_|_/ 2 si 3 , 


' Mee 


M,, 


= Me^ -iV2Kti3Mer -CrMee ] , 
\MeT -CrMee -iV^KCrtisMefj, , 

is obtained and mi^2,3 are given by 

/ \ _ 2 t^ \ 

mie“*'^^ = —IK ( ti2 tan 2012———^ + ^i 3 ) + -^ee, 


2t 


13 


/ 1 \ _ 2t^ 

m 2 e“*‘^^ = in [ — tan 20 i 2 ——^ - ti3 ) M+ + Mee, 
\ti 2 ZC13 

^3g-J03 = _ + Mee^ , 


(28) 


(29) 


where the mass hierarchy will be also the degenerated one realized by \Mee\ ^ 

\M+\. 


There are other textures based on other constraints on M^,. 

For the first texture with Mer = and Mtt = no Majorana CP vio¬ 

lation is induced if Mee is real as indicated by Ea. (l22)) . It is noted in the [Appendix A| 
that UpMNS including redundant phases can be parameterized by three real num¬ 
bers ui^ 2,3 and three complex numbers ?ui, 2,3 numbers P^HUl 


( Ui U 2 U 3 

W\ W 2 7 C 3 

^ ^ ^ 
Wi W 2 W 3 


(30) 


To reach UMaximal , Mee is Constrained to be real and no Majorana CP violation is 
induced. It is also noted in the [Appendix Aj that the second texture with M^t = 
crM*^ and Mrr = cannot be obtained from any phase transformation of the 

first texture with M^r = —oM*^ and = M*^ by adjusting redundant phases 
present in Upmns- In this texture, no Majorana CP violation is induced if Mee is 
imaginary as indicated by Ea. (l24ll . 
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4. Flavor Neutrino Masses with Arbitrary Phases 

For a general form of M^, does not satisfy Ea. dTOl) . In fact, in terms of 

the redundant phases p, 7 and t introduced in the [Appendix A| yielding Scp = 
S + p + T, Mv should be replaced by Ea. (IA.4p . where My (z,j = e,p,T) for the 
PDG convention. Conversely, for a given general form of M,^, M^, compatible with 
the PDG convention should be 

. (31) 

\e^ip-'r-^)Mer e-"M^r M^r J 


All constraints on Mi, including the key relation of Eq. o should be replaced by 
those on . We can readily factor out as a common factor to have S + t/2, 

p + Tf2 and 7 + r/2, respectively, redefined to be 6, p and 7 resulting in 5cp = 5-\-p. 
The flavor neutrino masses turn out to satisfy 






1 


hse 


—iScP 


Ci3 tan 26*12 sin 2023 


M_ 


p-iScP 1 
tan 2013 2 


iSci 


1 + 

2 
1 


cos 2023, 


tiae 


—iScp 


M_ 


Ci3 tan 2012 sin 2023 

+ Mf> cos 2023, 


p-iScp 1 

1 - 6136 *^^^ 

tan 2013 2 


2^ _ 1 _ p-2ii5cp 


M 4 


M 4 


(32) 


with the same equation of M^t = Mf) sin 2023, where 

M+ = S23e*(^+'^)Me^ + C23e^P-^'>M,r, M_ = C23e^^P+^'>Me^ - S23^^P-'>'> Me. 


m(°^ = - 

/J.T 


1 


tise' 


-iScp 


Ci3 tan 2012 

1 - 


tan 2023 
e^^PMee- 


M_ 


g-iScP 
tan 2013 


:ti3e 


i 6 cp 




(33) 


Practically speaking, 6 , p and 7 can be calculated from My {i,j = e,p,T) for 
M = MIM„. The phases p and 5 are given by 


p = arg(A), 5 = - arg(r), (34) 

for 

A = e*'>'c23Me;. - e-*^S23Me., r = e*^S23Me^ + e-*'>'c23Me., (35) 

where 7 can be derived from 


cos271m(M^ t-) — sin27Re(M^T-) = tissinScp |A|, (36) 

with |A| = sin2012/2 (Am^i = — mi)- More details can be found in 

RefsISSHSll 






















March 4, 2016 1:23 WSPC/INSTRUCTION FILE kitabayashi'yasue 


8 Teruyuki Kitabayashi and Masaki Yasue 

It is observed that the maxinial atniospheric neutrino mixing and maximal CP 
violation are realized by the same constraint on Mtt'. Mtt = by the 

modified one on Mer'- 


Mer 




(37) 


The additional constraint that Mee=real is replaced by e^*'’Mee=real. 


5. Summary 

We have demonstrated the usefulness of flavor neutrino masses expressed in terms 
of Mee,ey,eT- Appropriate constraints on Mee,ey,eT reveal the necessary mutual de¬ 
pendence among Myy^rT,yT to have the maximal CP violation. For example, we have 
stressed the significant role of the relation: {Mtt — Myy) sin 2023/2 —cos 2023 = 
tan 013 {Mey cos 023 — Mf-T sin 023 ) If we impose a constraint on M^y^eT such 

as the constraint of Mf.y — crMg,-=real for the maximal atmospheric neutrino mix¬ 
ing signaled by cos 2023 = 0, we observe that the maximal CP violation signaled by 
cos Scp = 0 is induced by the constraint of Mtt — Al^^=imaginary. The simplest 
solution to satisfy both constraints consists of M^t = — and Mtt = 

which provide the known texture.^^^^ If Mi, is not associated with the PDG con¬ 
vention, Mf,T = —aM*^ should be replaced by M^t = —where p is the 
redundant Dirac phase associated with the 1-2 rotation. Other constraints on Mij 
{i,j = e, /i, r) lead to new textures and we have shown three such examples. It can 
also be discussed how Mi, of Eq.Q is modified by the inclusion of the effect from 
cos 2023 ^ 0 allowing an arbitrary atmospheric mixing angle. For example, at a 
first glance, we may choose the constraint of Mey cos 023 — MyT sin 023 =real leading 
Eq. ([5|) for the maximal atmospheric neutrino mixing. This subject will be discussed 
elsewhere. 


Appendix A. Upmns for the m^Lximal CP violation and the 
maximal atmospheric neutrino mixing 

The general form of Upmns contains seven phases: three phases of the Dirac type 
to be denoted by S, p and r, three phases of the Majorana type to be denoted by 
‘Pi, 2,3 and the remaining phase to be denoted by y.lSIlIlll For Upmns = U„K, we 
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parameterize Ui, and K as follows: 


u, = 


10 0 
0 0 
,0 0 e-*T' 

cos 6*12 sin 6 * 126 ®^ 0 
— sin 0126 “*'’ cos 012 0 
0 0 1 

giV’i/S 


1 0 0 
0 cos 023 sin 0236 
0 — sin 0236 “*’’ cos 023 



0 


0 


K = 


f,^V2/2 Q 


0 


£>*^3/2 


This unitary matrix can be casted into 

'e^P 0 

UpMNS =1 0 e*”' 

0 0 6 - 


UU& 1/13 oiiiL/i3c 

0 10 
- sin 0136 *'^ 0 cos 013 


(A.l) 



UpDG, 


(A.2) 


where 


Scp = S + p + T, 4>i=ipi-2p, (1)2 = ^ 2 , 03 = <P 3 + 2r, (A.3) 


in UpDG- Accordingly, from Mi, for UpoG consisting of Mij (i, j=e, p,,T), we reach 
Ml, for UpMNS of Eq. dA.ll) : 


/ e“2*'’Mee e“*('’+^)Me^ e“*('’“^“^)Mer\ 

M, = e“*('’+'')Me^ 6“2*')'M^^ e^Mfir ■ (A.4) 


For the maximal CP violation and the maximal atmospheric neutrino mixing, 
Eq-® provides 

/ e“2*'’Mee e“*('’+T')Me^-cre“*('’“T'“^)M*^\ 

M, = 6“*('’+T')Me^ 6“2*W^^ e^^Mfir ■ (A.5) 

\-ae-^{p-i-r)M*^ e^^Mfir 62 *(^+^) m ;^ J 


Since p and r are redundant, we choose p and r to satisfy 6 *^^'’+’’^ = 77 (77 = ±1) 
yieldin#^ 


M' = 6“^*'’ 




Mee 

\-77a(e*(^“T')Me^)* pM^r 


(A. 6 ) 


The corresponding Upmns is simply given by 

/ u 26*‘^=/2 \ 

Upmns = j wie*''^’/^ 1626 *'^^/^ | , (A.7) 

\—77cr7i;j6*'^’A —rycTTcle*'^^/^ / 
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where mi, 2,3 and wi, 2,3 are given by 


Ul — C 12 C 13 , 


Cl3) U 2 = S12C13, 1 

i(-y-p) S12 + *KCrCi2Si3 

' 72 




wi = —e 


W2 = e 


i('y-p) C12 — ll^(JSi2Si3 

' 7i 



(A. 8 ) 


The Majorana phases </>i, 2,3 are so determined to satisfy Eq. (US- The global phase 
p in Eas. (IA. 6 l) and (IA.7|) are cancelled each other in Upf^NS^'v^PHNS- 

To reach UMaximai in Ea. (l30l) . it is further required that Ea. lfT^ be satisfied; 
namely, = ^2 = 0 and ^3 = 2Scpi= This choice subsequently requires that 
Mee =real (as indicated by Eg. lfT^ 'l. which is nothing but the additional constraint 
imposed in Refs l28ti34l The resulting Upmns of Ea. (IA.2l) turns out to be: 



(A.9) 


The obtained Upmns is literally coincident with UMaximai of Ea. (l30l) for ct = 1 and 


77 = — 1 . It is thus proved that the texture for UMaximai can be derived from the 
texture for Updg- No Majorana CP violation is induced because of = ( 5^2 = 0 
and ^3 = ± 7 r!d^ 

One may wonder if the texture of Ea. (l23l) with Mgr = crM*^ and Mtt = 
is obtained from Ea. dA.SI) for the texture with M^r = — and Mtt = by 
adjusting the redundant phases. Requiring that realized by _ 

irj, we reach 



(A.IO) 


indicating = —ipaM'*^, which cannot be equivalent to M^r = crM*^. The 
texture with Mer = and MrT = ~^pp is not connected to Ea. dA.SI) . 
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